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JOINT AND DOUBLE COBOUNDARIES
OF COMMUTING CONTRACTIONS
GUY COHEN AND MICHAEL LIN
Abstract. Let T and S be commuting contractions on a Banach space X . The ele-
ments of (I−T )(I−S)X are called double coboundaries, and the elements of (I−T )X∩
(I − S)X are called joint cobundaries. For U and V the unitary operators induced on
L2 by commuting invertible measure preserving transformations which generate an ape-
riodic Z2-action, we show that there are joint coboundaries in L2 which are not double
coboundaries. We prove that if α,β ∈ (0, 1) are irrational, with Tα and Tβ induced on
L1(T) by the corresponding rotations, then there are joint coboundaries in C(T) which
are not measurable double cobundaries (hence not double coboundaries in L1(T)).
1. Introduction
Let α be irrational, and let θαx = x + α mod 1 for x ∈ [0, 1). Then θα preserves
Lebesgue’s measure, and the operator Tαh = h ◦ θ defines an invertible isometry on all
the spaces Lp[0, 1), 1 ≤ p ≤ ∞. Motivated by Euler’s formal approach to Fourier series,
Wintner [59] studied the existence of solutions g ∈ L1 of the equation (I − Tα)g = f
for a given f ∈ L1 (or L2). The translation θα corresponds to the rotation z = e2πix →
e2πi(x+α) = e2πiαz of the unit circle T. This rotation is minimal (all orbits are dense in
T), since α is irrational.
Gottschalk and Hedlund [22, p. 135] proved that if θ is a minimal homeomorphism of
a compact Hausdorff space K, then a continuous function f is of the form f = g − g ◦ θ
for some continuous g if and only if supn ‖
∑n−1
k=0 f ◦ θk‖C(K) < ∞. Browder [12] proved
that if T is a power-bounded operator on a reflexive Banach space X , then
(1) y ∈ (I − T )X if and only if sup
n
‖
n−1∑
k=0
T ky‖ <∞.
Lin and Sine [38, Theorem 7] proved (1) for contractions of L1.
When the equation (I − T )x = y (for y given) has a solution, i.e. y ∈ (I − T )X , y is
called a coboundary. Note that when T is induced by a measure preserving transformation
and f ∈ Lp, the solution of (I − T )g = f may be in a larger space (e.g. f ∈ (I − T )L1),
or even measurable and non-integrable (and then f is called a measurable coboundary).
Recently, Adams and Rosenblatt [2] studied the following problem: let (Ω,P) be a
standard probability space; given f ∈ Lp(P), is there some ergodic invertible measure
preserving transformation θ such that f = g − g ◦ θ for some g, and what are the
integrability properties of g?
We refer to the introduction of [13] for additional discussion of developments following
the results of Gottschalk-Hedlund and of Browder.
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A two-dimensional extension of Browder’s result was obtained by the present authors
in [13, Theorem 3.1]: Let T and S be commuting contractions on a reflexive Banach space
X . Then
(2) y ∈ (I − T )(I − S)X if and only if sup
n
∥∥ n−1∑
k=0
n−1∑
j=0
T kSjy
∥∥ <∞.
The elements of (I − T )(I −S)X were called in [13] double coboundaries. Clearly double
coboundaries are in (I − T )X ∩ (I − S)X (i.e. are joint (common) coboundaries).
The paper deals with the existence of joint coboundaries (of commuting contractions)
which are not double coboundaries. We mention that Adams and Rosenblatt [1] studied
the existence of joint coboundaries of non-commuting contractions.
Double and joint cobundaries can be interpreted in terms of rates of convergence in
mean ergodic theorems. Denote An(T ) :=
1
n
∑n−1
k=0 T
k. Then An(T )x → 0 if and only
if x ∈ (I − T )X , and Browder’s theorem means that the rate is 1/n if and only if x is
a coboundary. When X is reflexive, (1/n2)
∑n−1
j=0
∑n−1
k=0 T
jSk = An(T )An(S) converges
strongly, and An(T )An(S)y → 0 if and only if y ∈ (I − T )X + (I − S)X (see Proposition
5.2); (2) means that the rate is 1/n2 if and only if y is a double coboundary. The question
becomes whether rates of 1/n in the convergence to zero of An(T )y and An(S)y imply
the rate of 1/n2 for An(T )An(S)y → 0.
Let P be an ergodic Markov operator on a general state space (S,Σ), with invariant
probability π, and let (ξk) be the induced stationary Markov chain on (Ω,B,Pπ). Gordin
and Lifshits [21] proved a central limit theorem for f(ξk) when f is a coboundary of P on
L2(S, π). Extensions to central limit theorems for random fields lead to the study of dou-
ble coboundaries, which play a role in obtaining martingale-coboundary decompositions
[20] (see also [58] and references therein).
Let S be a topological semi-group, and let R(s) be a bounded representation of S
by linear operators on a Banach space X . A cocycle for R is a function F : S 7−→ X
satisfying
F (s1s2) = F (s1) +R(s1)F (s2) for s1, s2 ∈ S.
F : S 7−→ X is called a coboundary if there exists x ∈ X such that F (s) = (I−R(s))x for
every s ∈ S. Parry and Schmidt [48] proved that when X is reflexive and S is Abelian, a
cocycle is a coboundary if and only if it is bounded; when S = N, we recover (1), since
then cocycles are of the form F (n) =
∑n−1
k=0 T
kF (1).
The following observation by Y. Derriennic (see also [11]) relates our definitions to
classical cocycles of representations of N2.
Proposition 1.1. Let T and S be commuting contractions of a Banach space X, and let
R(~u) := T u1Su2 for ~u = (u1, u2) ∈ N2.
(i) If F (~u) is a cocycle for R, then (I−S)F (~e1) = (I−T )F (~e2) is a joint coboundary.
(ii) If z = (I − T )y = (I − S)x is a joint coboundary, then there exists a cocycle F for
R with F (~e1) = x and F (~e2) = y (the cocycle generated by x and y).
(iii) If F (~u) = (I −R(~u))y is a coboundary for R, then (I − S)F (~e1) = (I − T )F (~e2)
is a double coboundary.
(iv) If z = (I − T )(I − S)h is a double coboundary, then the cocycle generated by
x = (I − T )h and y = (I − S)h is the coboundary F (~u) = (I −R(~u))h.
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Proof. Since R(~e1) = T and R(~e2) = S, (i) follows from
F (~e2) + SF (~e1) = F (~e1 + ~e2) = F (~e1) + TF (~e2).
We define (with empty sum defined as zero)
F ((n,m)) = F (n~e1 +m~e2) =
n−1∑
k=0
T kx+ T n
m−1∑
j=0
Sjy.
Some computations, using (I − S)x = (I − T )y, show that F is a cocycle, and (ii) then
follows.
Since a coboundary for R is a cocycle, (iii) follows from (i) and the definition of F .
Let F be the cocycle generated by x and y, given by (ii). Then
F (n~e1 +m~e2) =
n−1∑
k=0
T kx+ T n
m−1∑
j=0
Sjy = (I − T n)h + T n(I − Sm)h = (I − T nSm)h,
which proves (iv). 
As mentioned above, in this work we investigate the existence of joint coboundaries
for the commuting T and S, which are not double coboundaries. In view of Proposition
1.1, the problem is, for actions of N2 or Z2, to find cocycles of the representation R
(in different spaces) which are not coboundaries (non-triviality of the first cohomology
group). For example, if we have an ergodic action of a countable group on a measure
space with an atom, then every cocycle is a (measurable) coboundary [54, Exercise 2.9].
When we have an action of Z2 generated by commuting homeomorphisms θ and τ of a
compact metric spaceM , it induces a representation R on C(M), and any cocycle F (~u) ∈
C(M) is a function on M . A special case of interest is that of an Anosov action on a
differentiable manifoldM (see [32]). In that case the study of cocyles and coboundaries is
connected to rigidity proerties of the action. Katok and Spatzier [32, Theorem 2.9] proved
that every C∞ (Ho¨lder) cocycle F (~u)(t) of integral zero is a C∞ (Ho¨lder) coboundary,
and gave some applications. Proposition 1.1 allows us to express this result in terms of
joint and double coboundaries. The case of irrational rotations of the circle in Theorem
4.5 below shows that the analogue result of the Katok-Spatzier theorem need not hold
for continuous cocycles of commuting (non-hyperbolic) diffeomorphisms.
In Section 2 we study the existence of non-trivial double coboundaries in Banach spaces.
We show that if T 6= I and S have the same fixed points, then there exist non-trivial
double coboundaries. If in addition T and S are mean ergodic, then the set of double
coboundaries is closed if and only if both T and S are uniformly ergodic; if one of the
operators is uniformly ergodic, then every joint coboundary is a double one.
In Section 3 we show that if θ and τ are commuting invertible measure preserving
transformations of a standard probability space which generate an aperiodic Z2-action,
then their induced unitary operators on L2 have a joint coboundary which is not a double
coboundary in L2.
In Section 4 we study in detail pairs of irrational rotations of the unit circle T, with
induced operators Tα and Tβ on different function spaces. We show the existence of a
joint coboundary ψ ∈ (I−Tα)C(T)∩(I−Tβ)C(T) which is not even a measurable double
coboundary – there is no measurable h such that (I − Tα)(I − Tβ)h = ψ.
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In Section 5 we prove that when T and S are commuting mean ergodic contractions,
then An(T )An(S) converges in operator norm if and only if (I−T )X+(I−S)X is closed.
We prove that if θ and τ are commuting ergodic measure preserving transformations of
a non-atomic probability space, and U and V are the isometries they induce on Lp,
1 ≤ p <∞, then (I − U)Lp + (I − V )Lp is not closed.
2. On double coboundaries of commuting contractions
In this section we study the existence of non-trivial double coboundaries, and show
that when X is reflexive, the operators have the same fixed points, and one of them is
uniformly ergodic, then every joint coboundary is a double coboundary.
For a bounded operator T on a Banach space X , we denote by F (T ) the space of fixed
points {x ∈ X : Tx = x}. The following ”ergodic decomposition” induced by commuting
contractions was proved in [13, Theorem 2.4].
Theorem 2.1. Let T1, T2, . . . , Td be commuting mean ergodic contractions of a Banach
space X. Then
(3) X =
∑
1≤j≤d
F (Tj)⊕
∏
1≤j≤d
(I − Tj)X.
Proposition 2.2. Let T and S be commuting contractions of a reflexive Banach space
X. Then
(i) (I − T )(I − S)z = 0 if and ony if z ∈ F (T ) + F (S).
(ii) If y ∈ (I − T )(I − S)X, then there exists a unique x ∈ (I − T )(I − S)X with
(I − T )(I − S)x = y.
Proof. (i) By commutativity and continuity, z ∈ F (T ) + F (S) satisfies (I−T )(I−S)z =
0. For the converse, let (I − T )(I − S)z = 0. Denote Y := (I − T )(I − S)X, which
is obviously T and S invariant. By the ergodic decomposition (3), z = z1 + z2 with
z1 ∈ F (T ) + F (S) and z2 ∈ Y , so (I − T )(I − S)z2 = 0. Hence
0 =
1
N
N∑
n=1
n−1∑
k=0
n−1∑
j=0
T kSj(I − T )(I − S)z2 = 1
N
N∑
n=1
(I − T n)(I − Sn)z2 =
z2 +
1
N
N∑
n=1
(TS)nz2 − 1
N
N∑
n=1
T nz2 − 1
N
N∑
n=1
Snz2.
By reflexivity, the three averages converge. Each of the last two limits is in F (T )+F (S)
with z2 ∈ Y , so (3) yields that each of these is zero. The first limit is TS-invariant, so
by the above z2 is TS-invariant, which yields
z2 = lim
N→∞
1
N
N∑
n=1
(TS)nz2 = −z2,
which proves z2 = 0.
Proof of (ii): If (I − T )(I − S)x1 = (I − T )(I − S)x2 for x1, x2 ∈ Y , then by (i)
x1 − x2 ∈ F (T ) + F (S), so x1 − x2 = 0 by (3). 
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Remark. The construction of a solution (I − T )(I − S)x = y given in [13, Theorem
3.1] yields the (unique) solution x ∈ Y , by the invariance of Y under T and S.
Theorem 2.3. Let T and S be commuting contractions of a reflexive Banach space X.
Then
(I − T )(I − S)X = (I − T )X ∩ (I − S)X = (I − T )X ∩ (I − S)X.
Proof. Obviously
(I − T )(I − S)X ⊂ (I − T )X ∩ (I − S)X ⊂ (I − T )X ∩ (I − S)X.
We show that (I − T )(I − S)X = (I − T )X ∩ (I − S)X. If not, by the inclusion above
there exists z ∈ (I − T )X ∩ (I − S)X which is not in (I − T )(I − S)X; by the Hahn-
Banach theorem there exists φ ∈ X∗ with φ(z) 6= 0 and φ[(I − T )(I − S)X ] = {0}. We
then have (I − T ∗)(I − S∗)φ = 0, and since X∗ is reflexive, Proposition 2.2(i) yields that
φ ∈ F (T ∗) + F (S∗). But ‖ 1
n
∑n
k=1 T
kz‖ → 0 and ‖ 1
n
∑n
k=1 S
kz‖ → 0, so for ψ1 ∈ F (T ∗)
and ψ2 ∈ F (S∗) we have
(ψ1 + ψ2)(z) =
1
n
n∑
k=1
ψ1(T
kz) +
1
n
n∑
k=1
ψ2(S
kz)→ 0.
This yields that φ(z) = 0, a contradiction, which proves the theorem. 
Remember that the elements of (I −T )(I −S)X are called double coboundaries (for T
and S). If T or S is the identity, then all double coboundaries are trivial (zero).
Example. T and S not the identity, with only trivial double coboundaries.
Let 0 6= E 6= I be a (continuous linear) projection on a Banach space X , and put T = E,
S = I − E; then (I − T )(I − S) = 0. A sightly less trivial example is this: Let U be a
unitary operator on a Hilbert space H , put X = H ⊕H = {(u, v) : u, v ∈ H}, and define
T (u, v) = (Uu, v) and S(u, v) = (u, Uv). Then (I − T )(I − S) = 0.
Theorem 2.4. Let T and S be commuting contractions of a Banach space X. If F (T ) ⊂
F (S) 6= X, then there exist non-trivial double coboundaries.
Proof. Assume all double coboundaries are zero, so for x ∈ X we have (I−T )(I−S)x = 0.
Thus, (I − S)x ∈ F (T ) ⊂ F (S), so (I − S)x = 1
n
∑n
k=1 S
k(I − S)x → 0, which yields
Sx = x. Since this is for any x ∈ X , S = I, a contradiciton. 
Examples. 1. Let T and S be induced by commuting ergodic probability preserving
transformations, e.g. irrational rotations of the unit circle. Then the theorem applies.
2. let µ and ν 6= δ1 be probabilities on the unit circle T such that the closed subgroup
of T generated by the support of µ is all of G, and put Tf = µ ∗ f and Sf = ν ∗ f on
Lp. The condition on µ implies F (T ) = {constants}, so the theorem applies.
Theorem 2.5. Let T and S be commuting mean ergodic contractions on a Banach space
X, with F (T ) = F (S). Then (I − T )(I − S)X is closed if and only if both T and S are
uniformly ergodic.
Proof. By [13, Remark 2.5]; see (3), the assumption F (T ) = F (S) implies
(4) (I − S)X = (I − T )X = (I − T )(I − S)X.
6 GUY COHEN AND MICHAEL LIN
(a) If (I − T )(I − S)X is closed, then (I − T )X and (I − S)X are closed, and by [37]
T and S are uniformly ergodic.
(b) Denote Y := (I − T )(I − S)X . If T and S are uniformly ergodic, then (I−T )X =
(I − S)X = Y and I − T and I −S are invertible on Y . Let y ∈ Y . Then there is x ∈ Y
with (I − T )x = y, and then a z ∈ Y with (I − S)z = x. Hence (I − T )(I − S)z = y.
Thus (I − T )(I − S)X is closed. 
Example. Let T and S be induced on L2 by commuting ergodic probability preserving
transformations on a Lebesgue space. Then by [30] σ(T ) = σ(S) = T, so neither is
uniformly ergodic; hence by the theorem (I − T )(I − S)L2 is not closed.
Let T and S be contractions of a Banach space X . The elements of (I−T )X∩(I−S)X
are called joint (or common) coboundaries (of T and S). When T and S commute, double
coboundaries are joint coboundaries, and Theorem 2.4 yields existence of non-trivial joint
coboundaries. Theorem 2.3 shows that in reflexive spaces, every joint coboundary can be
approximated by double coboundaries. We want to address the question of existence of
joint coboundaries which are not double coboundaries. Adams and Rosenblatt [1] studied
existence of non-trivial joint coboundaries in the non-commutative case.
Corollary 2.6. Let T and S be commuting mean ergodic contractions on a Banach space
X, with F (T ) = F (S). Then the following are equivalent:
(i) The space of double coboundaries (I − T )(I − S)X is closed.
(ii) The space of joint coboundaries (I − T )X ∩ (I − S)X is closed.
(iii) Both T and S are uniformly ergodic.
Proof. By (4), (i) implies
(I − T )X = (I − T )(I − S)X ⊂ (I − T )X ∩ (I − S)X ⊂ (I − T )X,
which yields (ii).
By (4), and (ii), we have
(I − T )X = (I − T )X ∩ (I − S)X ⊂ (I − T )X,
which yields that (I − T )X is closed, so T is uniformly ergodic, and similarly for S. 
Lemma 2.7. Let T and S be commuting mean ergodic contractions on a Banach space
X, with F (T ) = F (S), and assume that T is uniformly ergodic. Then:
(i) Every coboundary of S, in particular every joint coboundary, is a double coboundary.
(ii) lim
min(n,m)→∞
‖ 1
nm
n∑
k=0
m∑
j=0
T kSj −E‖ → 0, where E is the projection on F (T ) with
null space (I − T )X.
Proof. The assumption F (T ) = F (S) implies (I − S)X = (I − T )X = (I − T )(I − S)X ,
by [13, Remark 2.5].
(i) Let x = (I − S)z be a coboundary of S. By mean ergodicity of S, we can take
(uniquely) z ∈ (I − S)X . By uniform ergodicity of T , Y := (I − T )X is closed (and T
invariant), and I − T is invertible on Y . Then by the above z ∈ (I − T )X , which yields
that
x = (I − S)z = (I − S)(I − T )(I − T|Y )−1z
is a double coboundary.
JOINT AND DOUBLE COBOUNDARIES OF COMMUTING CONTRACTIONS 7
(ii) Put Mn(T ) =
1
n
∑n
k=0 T
k, and Mm(S) =
1
m
∑m
j=0 S
j. By uniform ergodicity,
‖Mn(T ) − E‖ → 0. Since T and S commute and have the same ergodic decomposi-
tion, SE = E. Hence
‖Mm(S)Mn(T )−E‖ = ‖Mm(S)(Mn(T )−E)‖ ≤ ‖Mn(T )−E‖ → 0 as min(n,m)→∞.

Remark. The unitary operator T induced on the complex L2 by an ergodic invertible
measure preserving transformation of a non-atomic probability space (with T k 6= I for
k ∈ N) is not uniformly ergodic, since its spectrum is T [30] (this is immediate for an
irrational rotation of the unit circle, since the eigenvalues are dense in T).
Theorem 2.8. Let T and S be commuting mean ergodic contractions on a Banach space
X with F (T ) = F (S). Then T is uniformly ergodic if and only if every coboundary of S
is a double coboundary.
Proof. If T is uniformly ergodic, we apply Lemma 2.7(i).
Assume that every coboundary of S is a double coboundary. Fix z ∈ (I − T )X =
(I − S)X and put x = (I−S)z. By assumption, there is y ∈ X with x = (I−T )(I−S)y.
Hence (I − S)[z − (I − T )y] = 0, so z − (I − T )y ∈ F (T ), which yields z = (I − T )y,
since z ∈ (I − T )X . Thus (I − T )X is closed, so T is uniformly ergodic by [37]. 
Remark. Lemma 2.7(i) yields that when F (T ) = F (S), a necessary condition for the
existence of a joint coboundary which is not a double coboundary is that neither T nor
S be uniformly ergodic.
Corollary 2.9. Let T and S be commuting mean ergodic contractions on a Banach space
X with F (T ) = F (S), and assume T is not uniformly ergodic. If (I − S)X ⊂ (I − T )X,
then there exists a joint coboundary which is not a double coboundary.
Proof. Since T is not uniformly ergodic, by Theorem 2.8 there exists y ∈ (I−S)X which
is not a double coboundary. Then y is a joint coboundary, since (I−S)X ⊂ (I−T )X . 
Remark. If T and S are induced by invertible ergodic probability preserving trans-
formations, then by Kornfeld [36, Theorem 2], the assumption (I − S)X ⊂ (I − T )X
implies that S = T k for some k ∈ Z. Therefore, if T 6= Sk and S 6= T k, then there are
coboundaries of T and of S which are not joint coboundaries.
Theorem 2.10. Let R be a mean ergodic contraction, which is not uniformly ergodic,
on a Banach space X, and let T = Rk and S = Rj be mean ergodic (e.g. X is reflexive),
with F (T ) = F (S) = F (R). Then T and S have a joint coboundary which is not a double
coboundary.
Proof. Since R is not uniformly ergodic, neither are T nor S. By Theorem 2.9, there is
a joint coboundary u for R and S which is not a double coboundary for them. We put
u = (I −R)x = (I − S)y, and define v = (I − T )x. Then
v = (I − T )x = (I − Rk)x =
k−1∑
n=0
Rn(I −R)x =
k−1∑
n=0
Rk(I − S)y =
k−1∑
n=0
Rku,
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so v is a joint coboundary for T and S. We show it is not a double coboundary of T and
S. Assume v = (I − T )(I − S)z. Then
k−1∑
n=0
Rku = v =
k−1∑
n=0
Rk(I − R)(I − S)z,
which yields (I −Rk)[u− (I −R)(I − S)z] = 0, so u− (I −R)(I − S)z ∈ F (T ) = F (R),
so we obtain
(I −R)x = u = [u− (I − R)(I − S)z] + (I −R)(I − S)z.
Uniqueness in the ergodic decomposition (with respect to R) yields u = (I −R)(I −S)z,
which means that u is a double coboundary of R and S, contradicting the choice of u. 
Remark. If T is a mean ergodic contraction, taking S = T we obtain that T is
uniformly ergodic if and only if (I − T )X = (I − T )2X .
3. Joint coboundaries of commuting measure-preserving transformations
In this section we show that for commuting invertible measure-preserving transforma-
tions θ and τ of a standard probability space (Ω,B,P) which generate an aperiodic Z2
action, their induced unitary operators on L2(Ω,P) have a joint coboundary in L2 which
is not a double coboundary in L2.
A bounded operator T on a Banach space is called aperiodic if T n 6= I for any n ∈ N
(see [19]). If T k = I, then T is power-bounded and uniformly ergodic. Hence for any
commuting mean ergodic contractions with F (T ) = F (S), to have joint coboundaries
which are not double coboundaries, it is necessary that both operators be aperiodic (by
Lemma 2.7). A probability preserving transformation θ is called aperiodic if θn 6= id for
any n ≥ 1, i.e. its induced operator on L2 is aperiodic (a more restrictive definition is
given in [30]). Ergodic probability preserving transformations of a standard probability
space are aperiodic.
If θ and τ are invertible probability preserving transformations on (Ω,P), we say that
the Z2-action they generate is aperiodic (see [14], [34]) if for j, k ∈ Z which are not both
zero, P({x ∈ Ω : θjτkx = x}) = 0; in that case, the induced unitary operators U and V
satisfy U jV k 6= I whenever j and k are not both zero.
Let U and V be commuting unitary operators on a complex Hilbert space H . They
generate a unitary representation of Z2, to which we apply the general Stone spectral
theorem (e.g. [3]) to obtain: There exists a (unique) projection valued spectral measure
E(·) on the Borel sets of T2 = Ẑ2 such that (in the strong operator topology)
UnV m =
∫
T2
zn1 z
m
2 dE(z1, z2) n,m ∈ Z.
Hence P (U, V ) =
∫
T2
P (z1, z2)dE(z1, z2) for every polynomial P in two commuting vari-
ables. We denote by σf (·) := 〈E(·)f, f〉 the spectral measure of f ∈ H , and obtain that
‖P (U, V )f‖2 = ∫
T2
|P (z1, z2)|2dσf (z1, z2).
The spectral measures of U and V are obtained from E by EU(B) = E(B × T) and
EV (B) = E(T× B) for Borel subsets of T (see [3, Theorem 3]).
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Proposition 3.1. Let U and V be commuting unitary operators on a complex Hilbert
space H, and f ∈ H.
(i) f ∈ (I − U)H if and only if
∫
T2
dσf (z1, z2)
|z1 − 1|2 <∞.
(ii) f ∈ (I − U)(I − V )H if and only if
∫
T2
dσf (z1, z2)
|z1 − 1|2|z2 − 1|2 <∞.
Proof. (i) is a well-known consequence of Browder’s theorem [12]. The details of the
proof will be clear from the proof of (ii) below.
It was proved in [13, Theorem 3.1] that f ∈ (I − U)(I − V )H if and only if
sup
n
‖
n−1∑
k=0
n−1∑
j=0
UkV jf‖ <∞.
Assume convergence of the integral in (ii); it implies that σf ({1}×T) = σf(T×{1}) = 0,
so
‖
n−1∑
k=0
n−1∑
j=0
UkV jf‖2 =
∫
T2
|
n−1∑
k=0
n−1∑
j=0
zk1z
j
2|2dσf (z1, z2) =
∫
T2
|zn1 − 1|2|zn2 − 1|2
|z1 − 1|2|z2 − 1|2 dσf (z1, z2).
This yields
sup
n
‖
n−1∑
k=0
n−1∑
j=0
UkV jf‖2 ≤ 16
∫
T2
dσf (z1, z2)
|z1 − 1|2|z2 − 1|2 <∞,
which proves that f ∈ (I − U)(I − V )H .
Assume now that f ∈ (I − U)(I − V )H . Then
sup
N
∥∥ 1
N2
N∑
n=1
N∑
m=1
m−1∑
k=0
n−1∑
j=0
UkV jf
∥∥2 = M <∞.
Since the spectral measure of U is EU(B) = E(B×T), we have E({1}×T)g = EU({1})g =
0 when g ∈ (I−U)H . Hence f ∈ (I−U)(I−V )H yields σf ({1}×T) = σf(T×{1}) = 0,
so in particular σf({(1, 1)}) = 0.
∥∥ 1
N2
N∑
n=1
N∑
m=1
m−1∑
k=0
n−1∑
j=0
UkV jf
∥∥2 = ∫
T2
∣∣ 1
N2
N∑
n=1
N∑
m=1
m−1∑
k=0
n−1∑
j=0
zk1z
j
2
∣∣2dσf(z1, z2) =
∫
T2
∣∣∣( 1
N
N∑
m=1
(zm1 − 1)
)( 1
N
N∑
n=1
(zn2 − 1)
)∣∣∣2 1|z1 − 1|2|z2 − 1|2dσf (z1, z2).
The limit limN→∞
∣∣∣( 1N ∑Nm=1(zm1 − 1))( 1N ∑Nn=1(zn2 − 1))∣∣∣2 exists for every (z1, z2) ∈ T;
it is 0 when z1 = 1 or z2 = 1, and 1 otherwise; hence the limit is 1 σf a.e. By Fatou’s
lemma we have ∫
T2
dσf (z1, z2)
|z1 − 1|2|z2 − 1|2 =∫
T2
lim
N→∞
∣∣∣( 1
N
N∑
m=1
(zm1 − 1)
)( 1
N
N∑
n=1
(zn2 − 1)
)∣∣∣2 1|z1 − 1|2|z2 − 1|2dσf(z1, z2) ≤
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lim inf
N→∞
∫
T2
∣∣∣( 1
N
N∑
m=1
(zm1 − 1)
)( 1
N
N∑
n=1
(zn2 − 1)
)∣∣∣2 1|z1 − 1|2|z2 − 1|2dσf (z1, z2) ≤M,
which proves (ii). 
It follows from Proposition 3.1(i) that f is a joint coboundary if and only if
(5)
∫
T2
|z1 − 1|2 + |z2 − 1|2
|z1 − 1|2|z2 − 1|2 dσf(z1, z2) <∞.
The problem of finding a joint coboundary for U and V which is not a double coboundary
is therefore the problem of finding 0 6= f ∈ H such that σf satisfies (5) and the inte-
gral in Proposition 3.1(ii) diverges. This requires a deeper study of spectral measures,
summarized below.
Abstract (orthogonal projection valued) spectral measures (called spectral families in
[3]), defined on a measurable space (S,Σ) (and not necessarily connected to any unitary
representation or any operator), were studied in the books of Halmos [23] and Nadkarni
[46]. We fix a complex Hilbert space H and a spectral measure E(·) with values in B(H),
and define as before the spectral measure of f ∈ H by σf (·) := 〈E(·)f, f〉, which is a
positive finite measure. For f ∈ H we define the cyclic subspace Z(f) generated by f
as the closed linear manifold generated by {E(A)f : A ∈ Σ}. The orthogonal projection
on Z(f) commutes with E(·) [23, p. 91]; hence also Z(f)⊥ is invariant under E(·), and
Z(g) ⊥ Z(f) for g ⊥ Z(f).
Theorem 3.2. Let H be a separable complex Hilbert space. Then there exists a vector
ψ ∈ H such that σψ(A) = 0 if and only if E(A) = 0; hence σg << σψ for every g ∈ H.
The proof is given in [46, p. 11-12]. The equivalence class of σψ is called the maximal
spectral type of E, and is often denoted by σψ instead of [σψ]. More detailed information
is given by the Hahn-Hellinger theorem [46].
Theorem 3.3. [23, p. 104]. Let ν be a finite measure on (S,Σ). If ν << σf for some
f ∈ H, then there exists g ∈ Z(f) such that ν = σg. When ν ∼ σf we have Z(g) = Z(f).
The following proposition and its proof are inspired by the one-dimensional result for
unitary operators in [30, p. 290]. We use the Harte joint spectrum of d commuting
operators in a complex Banach space X , with respect to the Banach algebra B(X) of all
bounded linear operators on X [25]. For completeness we repeat the definition.
Definition. The joint spectrum of the operators T1, . . . , Td ∈ B(X), denoted by
σ(T1, . . . , Td) or σ({Tj}), is the set of (λ1, . . . , λd) ∈ Cd such that one of the equations
(6)
d∑
j=1
Aj(λjI − Tj) = I A1, . . . , Ad ∈ B(X)
(7)
d∑
j=1
(λjI − Tj)Bj = I B1, . . . , Bd ∈ B(X)
has no solution. The joint spectrum is closed [25, p. 872], and the following properties
follow directly from the definition:
(8) σ(T1, . . . , Td) ⊂ σ(T1)× · · · × σ(Td).
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(9) inf
‖x‖=1
d∑
j=1
‖(λjI − Tj)x‖ = 0 =⇒ (λ1, . . . , λd) ∈ σ(T1, . . . , Td),
Since equation (6) cannot have a solution. The set of points satifying (9) is the approxi-
mate point spectrum σπ(T1, . . . , Td).
If X = X1 ⊕X2 with X1 and X2 each invariant under all the Tj, then the restrictions
T
(k)
j of Tj to Xk satisfy
(10) σ(T1, . . . , Td) ⊂ σ(T (1)1 , . . . , T (1)d ) ∪ σ(T (2)1 , . . . , T (2)d ).
For additional information when the operators act in a Hilbert space, see [40, Chapter
5]. Note that by [57, Proposition 2.10], [9, p. 30], the joint spectrum of operators on H
is a subset of the Taylor spectrum [55] σT(T1, . . . , Td), while for normal operators on H ,
these spectra are equal, by [43, pp. 30-31].
Proposition 3.4. Let U and V be commuting isometries on a complex Hilbert space H.
If for every n > 2 there exists a vector vn 6= 0 such that the vectors {UkV jvn : 0 ≤ k ≤
n, 0 ≤ j ≤ n} are orthogonal, then T× T ⊂ σ(U, V ).
If U and V are invertible (unitary operators), then T× T = σ(U, V ).
Proof. We fix n > 2 and denote v = vn. Let |λ| = |ν| = 1, and define
xn :=
n−1∑
k=0
n−1∑
j=0
λn−kUkνn−jV jv.
By the assumed orthogonality, ‖xn‖2 = n2‖v‖2 6= 0. We compute
(λI − U)xn =
n−1∑
j=0
νn−jV j [(λI − U)
n−1∑
k=0
λn−kUkv] =
n−1∑
j=0
νn−jV j [
n−1∑
k=0
(λn+1−kUkv − λn−kUk+1v)] =
n−1∑
j=0
νn−jV j(λn+1v − λUnv).
By the orthogonality assumption we obtain ‖(λI − U)xn‖2 = 2n‖v‖2 = 2n‖xn‖2, and
similarly ‖(νI − V )xn‖2 = 2n‖xn‖2, so
(11) ‖(λI − U)xn‖+ ‖(νI − V )xn‖ = 2
√
2√
n
‖xn‖.
Thus, (11) shows that (λ, ν) is in the ”approximate point spectrum” σπ(U, V ).
Hence T× T ⊂ σπ(U, V ) ⊂ σ(U, V ), the last inclusion by (9).
When U and V are unitary, σ(U, V ) ⊂ σ(U)× σ(V ) ⊂ T× T by (8), which completes
the proof. 
Corollary 3.5. Let θ and τ be commuting measure preserving transformations of a non-
atomic probability space (Ω,P) which generate a free N20 action. Then for 1 ≤ p < ∞,
the joint spectrum of the isometric operators U and V induced on the complex Lp by θ
and τ contains T× T. If θ and τ are invertible, then σ(U, V ) = T× T.
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Proof. The Rokhlin-Kakutani lemma for free Nd0 actions, proved by Avila and Candela
[6] (for non-periodic Zd actions see Conze [14, Lemme 3.1] or Katznelson and Weiss [34,
Theorem 1]), yields that for every n there is a measurable set En such that the sets
{θ−kτ−jEn : 0 ≤ k ≤ n, 0 ≤ j ≤ n} are disjoint. For p = 2 the vector vn = 1En satisfies
the assumptions of Proposition 3.4.
When p 6= 2, note that for vn = 1En the functions {UkV jvn : 0 ≤ k ≤ n, 0 ≤ j ≤ n}
have disjoint supports. Replacing orthogonality by disjointness of supports and taking
norms to power p instead of squares in the proof of Proposition 3.4, that proof yields
that also in Lp we have T× T ⊂ σ(U, V ), with equality when θ and τ are invertible. 
Remarks. 1. The one-dimensional result for invertible transformations and p = 2 was
obtained in [30, Corollary 1]. It could have been proved there (even for p 6= 2) by using
the original Rokhlin’s lemma and Remark 5 in [30, p. 290]. Another proof (for p = 2)
was given in [19, Corollaire 1].
2. If θ and τ are invertible and generate an aperiodic Z2-action, then the N20-action is
free.
We now return to the problem of joint coboundaries which are not double coboundaries.
Theorem 3.6. Let θ and τ be commuting invertible measure preserving transformations
of a standard probability space (Ω,B,P) which generate an aperiodic Z2 action, and let
U and V be their coresponding unitary operators on L2(Ω,B,P). Then there exists a
function g ∈ (I − U)L2 ∩ (I − V )L2 which is not in (I − U)(I − V )L2.
Proof. Let E(·) be the spectral measure of the pair (U, V ) given by the general Stone
spectral theorem. Since (the complex) L2(P) is separable (standard probability space),
by Theorem 3.2, there exists ψ ∈ H such that σψ is the maximal spectral type of E.
For (1, 1) 6= (z1, z2) ∈ T2 define
φ(z1, z2) :=
|z1 − 1|2|z2 − 1|2
|z1 − 1|2 + |z2 − 1|2 ,
and put φ(1, 1) = 0. Then φ(z1, z2) ≤ |z2 − 1|2 ≤ 4, so φ is bounded, and vanishes
on A := {(z1, z2) : φ(z1, z2) = 0} = ({1} × T) ∪ (T × {1}). Since U 6= I and V 6= I,
E({1}×T) = EU({1}) 6= I and E(T×{1}) = EV ({1}) 6= I; hence σψ(Ac) := σψ(T2−A) >
0.
For any finite measure µ << σψ we define νµ by dνµ/dµ := φ. Then νµ is a finite
measure with νµ(A) = 0, νµ 6= 0 when µ(Ac) > 0, and νµ satisfies∫
T2
|z1 − 1|2 + |z2 − 1|2
|z1 − 1|2|z2 − 1|2 dνµ =
∫
Ac
|z1 − 1|2 + |z2 − 1|2
|z1 − 1|2|z2 − 1|2 φ(z1, z2)dµ = µ(A
c) <∞.
Hence νµ satisfies (5). We now show that for some µ we have
∫
T2
dνµ(z1, z2)
|z1 − 1|2|z2 − 1|2 =∞.
Assume not; then for every µ << σψ with µ(A
c) > 0 we have∫
Ac
dµ
|z1 − 1|2 + |z2 − 1|2 =
∫
Ac
φ(z1, z2)dµ
|z1 − 1|2|z2 − 1|2 =
∫
T2
dνµ(z1, z2)
|z1 − 1|2|z2 − 1|2 <∞.
By a well-known lemma (Lemma 3.7 below) we conclude that (|z1 − 1|2 + |z2 − 1|2)−1 ∈
L∞(Ac, σψ).
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By a theorem of Hastings [27, Theorem 3], the support of E(·) (which is the sup-
port of σψ), equals the joint spectrum σ
′′(U, V ) with respect to the double commutant
of (U, V ); but this equals the Harte spectrum σ(U, V ) by [43, Proposition 4 and Exam-
ple (A)]. See also [49, Theorem 2.2]. By our aperiodicity assumption on the transfor-
mations, Corollary 3.5 yields σ(U, V ) = T2, so the support of σψ is all of T
2. Hence
(|z1 − 1|2 + |z2 − 1|2)−1, which is unbounded in any neighborhood of (1, 1), cannot be in
L∞(Ac, σψ). This contradiction shows that for some µ0 << σψ (with µ0(Ac) > 0), we
have
∫
T2
dνµ0(z1, z2)
|z1 − 1|2|z2 − 1|2 =∞. By the construction, 0 6= νµ0 << σψ, and by Theorem
3.3 there exists g ∈ Z(f) ⊂ L2 such that σg = νµ0 . By what we saw, σg satisfies (5), and
the integral with respect to σg in Proposition 3.1(ii) diverges. Hence g is a joint cobound-
ary which is not a double coboundary. It can be shown (using the spectral theorem, [23,
Theorem 1, p. 95] and L2-density of trigonometric polynomials on T
2) that Z(ψ) is the
closed linear manifold generated by the Z2-orbit {UnV mψ : m,n ∈ Z}.
The above proof yields g in the complex L2. Let L
(R)
2 be the real L2, which is invariant
under U and V . If g = (I − U)h, then ℜg = (I − U)ℜh, etc. Hence ℜg and ℑg are
both joint coboundaries. If there are h1, h2 ∈ L(R)2 such that (I −U)(I − V )h1 = ℜg and
(I − U)(I − V )h2 = ℑg, then (I − U)(I − V )(h1 + ih2) = g, contradicting the choice of
g. Hence ℜg or ℑg is a joint coboundary in L(R)2 which is not a double coboundary. 
Lemma 3.7. Let h ≥ 0 be a measurable function on a finite measure space (S,Σ, σ). If∫
hf dσ <∞ for every 0 ≤ f ∈ L1(σ), then h ∈ L∞(σ).
Proof. If h is not in L∞, for every n there exists fn ∈ L1 with ‖fn‖1 = 1 and |
∫
hfn dσ| >
2n. Then
∫
h|fn| dσ > 2n, and f =
∑∞
n=1 2
−n|fn| satisfies ‖f‖1 = 1. But
∫
hf dσ =∑∞
n=1 2
n
∫
h|fn|dσ =∞, a contradiction. 
Remark. The condition that the Z2-action be free is not necessary. If θ is aperiodic
on a standard probability space, then σ(U) = T, so U is not uniformly ergodic, and
taking τ = θ the theorem holds, since (I−U)H 6= (I−U)2H , by the remark to Theorem
2.10.
Example. Commuting transformations with a joint non-double coboundary in any Lp
The measure space is N2 with the counting measure m. The transformations are
θ(j, k) = (j + 1, k) and τ(j, k) = (j, k + 1) for j ≥ 1, k ≥ 1. The counting measure is
not invariant, but subinvariant for θ and τ . Fix 1 ≤ p < ∞, and put X := ℓp(N2) :=
{(fj,k) :
∑∞
j,k=1 |fj,k|p <∞}. Define Uf = f ◦ θ and V f = f ◦ τ , so (Uf)j,k = fj+1,k and
(V f)j,k = fj,k+1. Then U and V are commuting contractions of X , satisfying U
n → 0
and V n → 0 strongly.
Fix p > 1 and put a = p + 1. Define h ∈ X by hj,k = 1/(j + k)a/p for j, k ≥ 1.
Then h ∈ X . By definition Uh = V h = (1/(j + k + 1)a/p), so f := (I − U)h is a joint
coboundary. Suppose f = (I−U)(I−V )q for some q ∈ X . Then (I−U)[h−(I−V )q] = 0,
and since U has no fixed points, h = (I − V )q, which yields q =∑∞n=0 V nh. Hence
qj,k =
∞∑
n=0
hj,k+n =
∞∑
n=0
1
(j + k + n)a/p
=
∞∑
n=j+k
1
na/p
≥ c
(j + k)(a−p)/p
.
Since a − p = 1, we have ∑∞k=1 |qj,k|p = ∞, so q /∈ X , a contradiction; hence f is not a
double coboundary. Note that the solution q is in the larger space ℓr(N
2) for r > 2p.
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Now let p = 1, and define h by hj,k = 1/
[
(j + k)2[log(j + k)]2
]
. Then h ∈ X , since
∞∑
j=1
∞∑
k=1
hj,k ≤
∞∑
j=1
∞∑
k=1
1
(j + k)2[log(j + 1)]2
=
∞∑
j=1
1
[log(j + 1)]2
∞∑
k=j+1
1
k2
≤
∞∑
j=1
1
j[log(j + 1)]2
<∞.
As before, V h = Uh and f = (I − U)h is a joint coboundary. If f = (I − U)(I − V )q,
then, as before, q =
∑∞
n=0 V
nh, so
qj,k =
∞∑
n=0
hj,k+n =
∞∑
n=j+k
1
n2[log n]2
≥
∞∑
n=j+k
1
n5/2
≥ c
(j + k)3/2
when j > J0. Then
∑∞
k=1 qj,k ≥ c
∑∞
k=j+1 k
−3/2 ≥ c′j−1/2 for j > J0, so q /∈ X . This
contradiction shows that f is not a double coboundary. Since qj,k ≤
∑∞
n=j+k n
−2 ≤
(j + k − 1)−1, we obtain that q ∈ ℓr(N2) for r > 2.
4. Joint coboundaries of irrational rotations of the circle
In this section we look at two irrational rotations of the unit circle T. In this case we
refine Theorem 3.6, showing first the existence of a joint coboundary in C(T) which is
not a double coboundary, not even in L1(T), and then exhibit such a joint coboundary
which is not even a measurable double coboundary.
Let α be a real number. We denote e(x) := e2πix. For f ∈ L1(T) we define Tαf(z) =
f(e(α)z), which preserves Lebesgue’s measure on T. The operator Tα is a contraction of
all the Lp(T) spaces, 1 ≤ p ≤ ∞, and is mean ergodic for 1 ≤ p < ∞. It is also a mean
ergodic contraction of C(T). If β is rational, then for some k we have T kβ = I, so Tβ is
uniformly ergodic, and by Lemma 2.7 every joint coboundary of Tβ and any Tα in C(T)
or in Lp, 1 ≤ p <∞, is a double coboundary.
Let α and β be irrational numbers. Clearly, if α ≡ β mod 1 (i.e. α − β ∈ Z), then
Tα = Tβ. Each Tα is invertible, with T
−1
α = T−α, and for any integer n, Tnα = T
n
α .
Since I − Tβ = Tβ(T−1β − I), the double or joint coboundaries of Tα, Tβ are the same
as the respective ones of Tα, T
−1
β .
Let φ be a centered trigonometric polynomial
∑n
|k|=1 ake(kx). Then for any irrational
α we have (I − Tα)
∑n
|k|=1
ak
1−e(kα)e(kx) = φ. Hence φ is a double coboundary in C(T) for
any two irrationals α and β.
The question for ”how many” irrational rotations an L1(T) function is a coboundary
in L1(T) was studied by Baggett et al. [8].
Theorem 4.1. Let α and β be positive irrational numbers such that {α, β, 1} are linearly
dependent over Z (i.e., there exist m,n, p ∈ Z with m 6= 0 and mα+ nβ + p = 0). If the
g.c.d. of (|m|, |n|) is 1, then, in C(T) and in any Lp(T), the rotations Tα and Tβ have a
joint coboundary which is not a double coboundary.
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Proof. Since α and β are irrational, also n 6= 0, and we may assume n > 0. Since the
g.c.d. of |m| and |n| is 1, there are integers j, k such that 1 = jm+ kn. Hence
0 = mα + nβ + (jm+ kn)p = m(α + jp) + n(β + kp).
Put γ := α+jp
n
= −β+kp
m
. Then Tα = T
n
γ and T
−1
β = T−β = T
m
γ . If m > 0, by Theorem
2.10 Tα and T
−1
β (and therefore Tα and Tβ) have a joint coboundary which is not a double
coboundary; ifm < 0, then Tβ = T
|m|
γ , and then Tα and Tβ have a joint coboundary which
is not a double coboundary. 
Remarks. 1. The assumptions of the theorem are equivalent to assuming that for
some α′ ≡ α and β ′ ≡ β we have α′/β ′ rational. Indeed, if (α + j)/(β + k) is a rational
n/m, then mα − nβ + (jm − kn) = 0, and g.c.d. of |m| and |n| divides p := jm − kn.
The converse implication is shown in the proof of the theorem.
2. Theorem 4.1 is a special case of Theorem 4.5, but its proof follows from general
principles.
Theorem 4.1 shows that for every irrational α ∈ (0.1) there are countably infinitely
many β, necessarily irrational (of the form β = r(α+ j)+k, r rational and j, k integers),
such that Tα and Tβ have a joint coboundary in Lp (1 ≤ p < ∞) which is not a double
coboundary.
Lemma 4.2. Let T and S be induced by commuting ergodic measure preserving transfor-
mations of a probability space (Ω,P). If h is measurable such that (I − T )(I − S)h = 0,
then h is constant a.e.
Proof. Since T is ergodic, (I−S)h is a constant, hence integrable. By Anosov [4, Theorem
1]
∫
Ω
(I − S)h = 0, so (I − S)h = 0; by ergodicity of S, h is constant a.e. 
For rotations, Lemma 4.2 is more general than (and independent of) Proposition 2.2(i).
Proposition 4.3. Let α and β be irrational numbers. Then there exist a continuous
φ ∈ (I − Tα)C(T) and a measurable non-integrable h such that (I − Tα)(I − Tβ)h = φ,
and every measurable u satisfying (I − Tα)(I − Tβ)u = φ is non-integrable.
Proof. By Anosov [4, Theorem 2] (see also [35], [8, Theorem 3]), there exist f ∈ C(T)
and h measurable non-integrable with (I − Tβ)h = f . We put
φ = (I − Tα)f = (I − Tα)(I − Tβ)h.
Let u be measurable and satisfy (I − Tα)(I − Tβ)u = φ. Then u− h = const by Lemma
4.2, so u = h+ const is not integrable, since h is not. 
The following corollary strengthens a particular case of Theorem 4.1.
Corollary 4.4. Let α and β be irrational numbers, such that Tα = T
k
β for some k ∈ Z.
Then there exist continuous functions f and g such that (I −Tα)f = (I −Tβ)g, but there
is no integrable h with (I − Tα)(I − Tβ)h = (I − Tα)f .
Proof. We prove for k > 0. Let h and f be as in the proof of Proposition 4.3. Then
φ = (I − Tα)f = (I − Tβ)g with g =
∑k−1
j=0 T
j
βf ∈ C(T). Proposition 4.3 shows that any
u with (I − Tα)(I − Tβ)u = (I − Tα)f is non-integrable. 
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Remark. Proposition 4.3 and Corollary 4.4 hold also when we replace Tα and Tβ by
T and S induced by commuting uniquely ergodic homeomorphisms of a compact metric
space; the proofs are similar, with [4, Theorem 2] replaced by its extension by Kornfeld
[35].
Our main purpose now is to study the existence of a joint coboundary for Tα and Tβ
which is not a double coboundary, when α and β are irrationals (which are not rationally
dependent). Wintner [59] seems to have been the first to study coboundaries of rotation
operators Tα for α irrational (using Fourier series methods).
As usual, we denote by {·} the fractional part. For a real number α we denote by ‖α‖
its distance from the nearest integer, so ‖α‖ = min({α}, 1− {α}).
Theorem 4.5. Let α and β be irrational numbers. Then:
(i) There exists a joint coboundary for Tα and Tβ acting in C(T) which is not a double
coboundary, not even in L1(T).
(ii) For fixed p ∈ [1,∞), there exists a joint coboundary for Tα and Tβ acting in Lp(T)
which is not a double coboundary in L1(T).
Proof. Since C(T) ⊂ Lp(T) ⊂ L1(T) for 1 < p <∞, both parts of the theorem will follow
if we produce continuous functions f and g with (I−Tα)f = (I−Tβ)g (a joint coboundary
in C(T)), such that there is no h ∈ L1(T) satisfying (I − Tα)f = (I − Tα)(I − Tβ)h.
Remember that if
∑
n∈Z |an| <∞, then f(z) :=
∑
n anz
n is continuous on T.
By the two-dimensional Dirichlet theorem [24, Theorem 200], there are infinitely many
positive integers q such that max{‖qα‖, ‖qβ‖} < 1√
q
. We take an increasing subsequence
(qk) of these q, such that
∑
k
1√
qk
converges.
Joint coboundaries of Tα and Tβ in C(T) are given by continuous functions f, g for
which (I − Tα)f = (I − Tβ)g. This equality implies the following relations between the
Fourier coefficients of f and g:
(12) (1− e2πinα)fˆn = (1− e2πinβ)gˆn for every n ∈ Z.
We define fˆn = gˆn = 0 for n 6∈ (qk), and put fˆqk = ‖qkβ‖. By the choice of (qk), we have
f ∈ C(T). We then define gˆqk by the relation (12).
Since sin(πx)
πx
is positive and decreases on (0, 1/2) and tends to 1 as x → 0+, we have
2
π
≤ sin(πx)
πx
≤ 1 for 0 < x ≤ 1
2
. We then obtain,
∑
n
|gˆn| =
∑
k
|fˆqk |
|1− e2πiqkα|
|1− e2πiqkβ| =
∑
k
|fˆqk|
| sin(qkπα)|
| sin(qkπβ)| =
(∗)
∑
k
|fˆqk|
| sin(π‖qkα‖)|
| sin(π‖qkβ‖)| ≤
π
2
∑
k
|fˆqk |
‖qkα‖
‖qkβ‖ ≤
π
2
∑
k
‖qkα‖ ≤ π
2
∑
k
1√
qk
<∞.
Thus we have found g ∈ C(T) with (I − Tβ)g = (I − Tα)f .
Now, we want to show that (I − Tα)f is not a double coboundary even in L1: that is,
there is no h ∈ L1 such that (I − Tα)f = (I − Tα)(I − Tβ)h holds. Suppose there is; it
then implies the following restrictions on the corresponding Fourier coefficients of h:
(1− e2πinα)fˆn = (1− e2πinα)(1− e2πinβ)hˆn for every n.
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The same computation as above, with fˆn = 0 for n /∈ (qk), yields:
(∗∗) |hˆqk| =
|fˆqk |
|1− e2πiqkβ | =
|fˆqk |
2| sin(π‖qkβ‖)| ≥
|fˆqk|
2π‖qkβ‖ =
1
2π
.
Since h ∈ L1, the Riemann-Lebesgue lemma yields |hˆqk | → 0, which is a contradiction. 
Corollary 4.6. Let α and β be irrational numbers. Then there exist continuous functions
f, g ∈ C(T) such that (I − Tα)f = (I − Tβ)g, but there is no measurable h satisfying
(I − Tα)(I − Tβ)h = (I − Tα)f (i.e. (I − Tα)f is not a measurable double coboundary).
Proof. In the construction of f and g in the proof of Theorem 4.5, we can assume, by
taking a subsequence, that (qk) is lacunary: for some Q > 1, we have qk+1/qk ≥ Q for
every k. Then f and g are continuous with lacunary Fourier series, and the same holds
for (I − Tα)f . Without loss of generality, we may assume
∫
T
f = 0.
If h is measurable with (I−Tα)(I−Tβ)h = (I−Tα)f , then (I−Tα)[f− (I−Tβ)h] = 0,
and ergodicity of Tα implies that f = (I − Tβ)h+ const. Hence (I − Tβ)h is continuous,
and by Anosov [4, Theorem 1]
∫
T
(I −Tβ)h = 0. Since
∫
T
f = 0, the constant is zero, and
f = (I−Tβ)h. But since f is continuous with lacunary Fourier series, Herman’s theorem
[29] says that h ∈ L2(T), contradicting Theorem 4.5. 
J.P. Conze has noted that the work of Conze and Marco [15] yields an interesting
result, in the spirit of Corollary 4.6, with very simple L2 joint coboundaries.
Proposition 4.7. For any irrational α ∈ (0, 1) with unbounded quotients there exist
uncountably many pairs (β, γ) of irrational numbers in (0, 1), such that {1, γ, α} are
linearly independent over Q, and (I − Tβ)1[0,γ] is an L2 joint coboundary of Tα and Tβ
which is not a measurable double coboundary.
Proof. By [15, Theorem 2.2], if α has unbounded partial quotients, then there is an
uncountable set of pairs of irrational numbers β and γ in (0, 1) such that ϕβ,γ := 1[0,γ] −
Tβ1[0,γ] ∈ (I − Tα)L2, i.e. ϕβ,γ = (I − Tα)ψ with ψ = ψβ,γ in L2. Hence f = 1[0,γ] − γ
satisfies (I − Tβ)f = (I − Tα)ψ. Since the number of pairs (β, γ) is uncountable, there
is an uncountable subset of pairs with {1, α, γ} linearly independent over the rationals.
For such pairs, by Oren [47], the skew product Tf (x, y) = (x + α, y + f(x)) on T × R is
ergodic. We prove that there is no measurable h such that (I−Tα)(I−Tβ)h = (I−Tβ)f ;
indeed, if such h existed, we would have f = (I − Tα)h (shown similarly to the proof of
Corollary 4.6). Then the set E¯(f) of essential values of f is {0} [54, Theorem 3.9(4)].
But ergodicity of Tf yields that R ⊂ E¯(f) [54, Corollary 5.4] – a contradiction. 
Remarks. 1. In the proof it is shown that if α, γ ∈ (0, 1) with {1, α, γ} linearly
independent over Q, then f = 1[0,γ]− γ is not a measurable coboundary of Tα. Petersen’s
result [51] shows only f /∈ (I − Tα)L2.
2. An irrational α has unbounded partial quotients if and only if lim infn n‖nα‖ = 0
(e.g. [24, Section 11.10]). The set of such α in [0, 1] has Lebesgue measure 1, as its
complement in [0, 1] has measure zero [24, Theorem 196]. Thus Proposition 4.7 applies
to almost every (irrational) α ∈ (0, 1).
The following result concerning measurable joint coboundaries is a special case of a
result of Conze and Marco [15, Proposition 1.5]. An example is given in [15, Theorem
2.1].
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Proposition 4.8. Let u be a measurable function on T and α ∈ (0, 1) irrational. If the
set of β ∈ (0, 1), for which (I − Tβ)u = (I − Tα)vβ for some measurable vβ, has positive
measure, then there exist a measurable h and a constant C such that u = (I − Tα)h+C.
If u is integrable, then C =
∫
T
u.
Let u and α be as in Proposition 4.8. Then u − C satisfies the same assumptions,
so we may assume C = 0 (even without integrability of u). For each irrational β as in
the proposition we then have that the joint coboundary (I − Tβ)u = (I − Tα)vβ is a
(measurable) double coboundary: (I − Tβ)u = (I − Tβ)(I − Tα)h; if h is non-integrable,
then any w satisfying (I − Tα)(I − Tβ)w = (I − Tβ)u is non-integrable, by Lemma 4.2.
Proposition 4.9. Let φ ∈ C(T) with ∫
T
φ = 0 have Fourier coefficients satisfying∑
k |φˆk| <∞ and
∑
|k|>0 |φˆk| log(1/|φˆk|) <∞. Then φ ∈ (I − Tα)C(T) for almost every
α. Hence for almost every pair (α, β), there exist f, g ∈ C(T) such that (I − Tα)f = φ =
(I − Tβ)g (φ is a joint coboundary in C(T)).
Proof. By Kac and Salem [31], the series
(13)
∞∑
|k|=1
|φˆk|
| sin(πkx)|
converges a.e. For x = α for which the series converges, define c0 = 0 and ck :=
φˆk/2 sin(πkα) for |k| > 0. Then
∑
k |ck| < ∞, and the function f(z) :=
∑
k ckz
k is
in C(T), and satisfies (I − Tα)f = φ. 
Remarks. 1. Proposition 4.9 applies when |φˆk| = O(1/|k|(log |k|)2+ǫ). This improves
a result of Herman [28, p. 230, Proposition 8.2.1].
2. It can be shown that the conditions φˆ0 = 0 and
∑
|k|>0 |φˆk| log |k| < ∞ imply that
the conditions of Proposition 4.9 hold, so φ ∈ (I−Tα)C(T) for almost every α. Muromskiˇı
[45] proved a.e. convergence of (13) under these conditions.
Definition. A (necessarily irrational) real number α is said to be badly approximable
(bad for short) if there exists c > 0 such that
‖qα‖ := min{|qα− p| : p ∈ Z} > c
q
∀q ∈ N.
The set of badly approximable numbers is known to have Lebesgue measure 0 and Haus-
dorff dimension 1. Rozhdestvenskiˇı [53] constructed mean zero L2 functions such that
whenver α is bad, there is no measurable h satisfying (I − Tα)h = f .
Lemma 4.10. Let the Fourier coefficients of f satisfy fˆ0 = 0.
(i) If
∑
k 6=0 |k| · |fˆk| <∞, then f ∈ (I − Tα)C(T) for every badly approximable α.
(ii) If
∑
k 6=0 |k|2|fˆk|2 <∞, then f ∈ C(T)∩(I−Tα)L2(T) for every badly approximable
α.
Proof. We prove (i):
2
∞∑
|k|=1
|fˆk|
|1− e2πikα| =
∞∑
|k|=1
|fˆk|
| sin(πkα)| ≤
∞∑
|k|=1
|fˆk|
2‖kα‖ ≤
∞∑
|k|=1
|k|
2c
|fˆk| <∞.
Hence the function g(z) =
∑∞
|k|=1
fˆk
1−e2πikα z
k is in C(T) and satisfies (I − Tα)g = f .
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(ii) By Cauchy-Schwarz,
∑
k |fˆk| < ∞. A computation similar to (i) yields that the
above g is in L2(T). 
Proposition 4.11. Let ak ↓ 0 satisfy
∑∞
k=1 ka
2
k < ∞. If the Fourier coefficients of
f ∈ L2(T) satisfy fˆ0 = 0 and |fˆ|k|| = O(a|k|) for k 6= 0, then f ∈ (I − Tα)L2 for every
badly approximable α.
Proof. When ak ↓ 0, then by a result of Muromskiˇı [45], (with α = 2 and ck = a2k), we
have
∞∑
|k|=1
|fˆk|2
| sin(πkx)|2 ≤ C
∞∑
|k|=1
|ak|2
| sin(πkx)|2 <∞,
for every x having a continued fraction expansion with bounded elements (quotients).
It is known (e.g. [24, Section 11.10]) that badly approximable numbers have bounded
quotients. 
Remarks. 1. Proposition 4.11 applies to f ∈ L2 with |fˆk| = O(1/|k|(log |k|) 12+δ).
2. Let fˆk = 1/k(log k)
1
2
+δ for k > 0 and fˆk = 0 for k ≤ 0. Then f ∈ (I − Tα)L2 for
any bad α,
∑
k k|fk|2 <∞, but
∑
k k
2|fk|2 =∞.
Corollary 4.12. Let f ∈ L2(T) satisfy fˆ0 = 0 and |fˆk| = O(1/k2(log |k|)γ) with γ > 1.
Then for any badly approximable numbers α and β, f ∈ (I − Tα)C(T) ∩ (I − Tβ)C(T)
and f ∈ (I − Tα)(I − Tβ)L2(T).
Proof. By Lemma 4.10, f ∈ (I − Tα)C(T) ∩ (I − Tβ)C(T). Let g(z) =
∑∞
|k|=1
fˆk
1−e2πikα z
k,
which satisfies (I − Tα)g = f . For k > 0 put ak = 1/k(log k)γ , so |gˆ|k|| = O(a|k|). Then
{ak} satisfies the assumptions of Proposition 4.11, so g ∈ (I − Tβ)L2(T), which shows
that f ∈ (I − Tα)(I − Tβ)L2(T). 
Remark. When the Fourier coefficients of f satisfy fˆ0 = 0 and the stronger condition∑
k 6=0 k
2|fˆk| < ∞, we define, for α and β bad, ck = fˆk/(1 − e2πikα)(1 − e2πikβ) for k 6= 0
and c0 = 0. Similarly to the proof of Lemma 4.10, we obtain that
∑
k |ck| <∞, and then
h(z) =
∑
k ckz
k satisfies f = (I − Tα)(I − Tβ)h.
Proposition 4.13. Let the Fourier coefficients of f ∈ L2(T) satisfy lim inf |n|→∞ |nfˆn| >
0. Then:
(i) For any β irrational, f 6∈ (I−Tβ)L1 (so f is not a joint coboundary of Tα and Tβ).
(ii) For β irrational, if (I −Tβ)f is a joint coboundary in L2 with Tα, i.e. (I −Tβ)f ∈
(I − Tα)L2, then β = kα + n with k, n ∈ Z (i.e. T kα = Tβ).
(iii) If α is irrational and Tβ = T
k
α , then (I − Tβ)f is a joint coboundary of Tα and Tβ
which is not a double coboundary in L1.
Proof. (i) Assume f = (I−Tβ)h with h ∈ L1. Then, as in (**), |hˆn| ≥ |fˆn|2π‖nβ‖ . For n > N
and some C > 0 we have
C
2π|n|‖nβ‖ < C
|fˆn|
2π‖nβ‖ = C|hˆn| → 0,
using the Riemann-Lebesgue lemma. Hence lim infn→∞ n‖nβ‖ = ∞, a contradiction to
Dirichlet’s theorem [24, Theorem 185], which yields lim infn→∞ n‖nβ‖ ≤ 1.
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(ii) Let g ∈ L2 satisfy (I−Tα)g = (I−Tβ)f . Computing Fourier coefficients we obtain∑
n 6=0
|fˆn|2 | sin(nπβ)|
2
| sin(nπα)|2 =
∑
n
|gˆn|2 <∞,
so the assumption lim inf |n|→∞ |nfˆn| > 0 yields
∑
n 6=0
1
n2
| sin(nπβ)|2
| sin(nπα)|2 <∞. By Petersen [51],
β ∈ Zα mod 1.
(iii) We may assume k > 0. Since I − T kα = (I − Tα)
∑k−1
j=0 T
j
α, (I − Tβ)f is a joint
coboundary, and we may assume
∫
T
f = 0. If there is h ∈ L1 with (I − Tα)(I − Tβ)h =
(I − Tβ)f , then f − (I − Tα)h is a constant, which is
∫
T
f = 0. This contradicts part (i);
hence (I − Tβ)f is not a double coboundary in L1. 
Remarks. 1. If f ∈ L2 satisfies lim inf |n|→∞ |nfˆn| > 0, then by [16] (see also [33, p.
283]) there exists a function φ ∈ C(T) with lim inf |n|→∞ |nφˆn| ≥ lim inf |n|→∞ |nfˆn| > 0.
2. Compared with Theorem 2.9, Proposition 4.13(iii) yields an explicit construction of
joint coboundaries in L2 which are not double coboundaries (even in L1). It also yields,
via the above mentioned result of [16], joint coboundaries in C(T) which are not double
coboundaries in L1 (see Corollary 4.4).
3. Part (ii) of Proposition 4.13 proves the following special case of Kornfeld’s result
[36]: If α and β are irrational and (I − Tβ)L2(T) ⊂ (I − Tα)L2(T), then Tβ = T kα for
some k ∈ Z.
Proposition 4.14. Let the Fourier coefficients of f ∈ L2(T) satisfy
(14) C := lim inf
n→∞
nδ|fˆn2| > 0 for some fixed δ ∈ (1
2
,
2
3
).
Then for any β irrational, f 6∈ (I − Tβ)L1.
Proof. Assume f = (I−Tβ)h with h ∈ L1. Then, as in (**), |hˆn| ≥ |fˆn|2π‖nβ‖ . By Zaharescu
[60, Theorem 1], there exists an increasing subseequence (nk) with ‖n2kβ‖ < n−δk . Then
for nk > N we have
|hˆn2
k
| ≥ |fˆn
2
k
|
2π‖n2kβ‖
≥ |fˆn
2
k
|nδk
2π
≥ C
3π
,
which contradicts the Riemann-Lebesgue lemma. Hence f 6∈ (I − Tβ)L1. 
Remarks. 1. The requirement δ > 0.5 follows from f ∈ L2.
2. Propositions 4.13 and 4.14 are not comparable. In Proposition 4.14 we may have
fˆn = 0 for infinitely many n > 0, while in Proposition 4.13(i), which holds also if
lim infn→∞ n|fˆn| > 0, this assumption implies fˆn 6= 0 from some place on. The price
we pay in Proposition 4.14 is that the coefficients at n2 have to be larger, of order 1/nδ
(instead of 1/n2).
Definition. A pair (α, β) of irrational numbers is said to be badly approximable if
(15) C(α, β) := lim inf
√
qmax{‖qα‖, ‖qβ‖} > 0.
The set Bad2 of bad pairs is not empty, by Perron [50]. A consequence of Khintchine’s
theorem is that it has Lebesgue measure zero. Bad2 is uncountable, since it has maximal
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Hausdorff dimension 2 [52]. Moreover, for a given bad α, dimH{β : (α, β) ∈ Bad2} = 1,
see [7, p. 1840].
For badly approximable pairs of irrationals, the method of proof of Theorem 4.5 and
Corollary 4.6 allows the construction of many more joint coboundaries in C(T) which are
not measurable double coboundaries.
Proposition 4.15. Let (α, β) be a badly approximable pair. Then there exists an infinite
sequence of positive integers (qk)k≥1 with
∑
k
1√
qk
<∞, such that whenever ∑k |ak| <∞
and lim sup
√
qk|ak| > 0, the function f ∈ C(T), with fˆqk = ak and fˆn = 0 for n 6∈ (qk),
yields a joint coboundary (I−Tα)f ∈ C(T) which is not a measurable double coboundary.
Proof. By the two-dimensional Dirichlet theorem, C(α, β) ≤ 1. Let
lim
k
√
qkmax{‖qkα‖, ‖qkβ‖} = C(α, β) = C > 0.
Without loss of generality, we may assume ‖qkβ‖ ≥ ‖qkα‖ for infinitely many qk. We
take an increasing subsequence of these qk, still denoted by (qk), such that
C
2
≤ √qk‖qkβ‖ ≤ 2C ∀k > 0, and
∑
k
1√
qk
<∞.
We take a further subsequence, still denoted by (qk), such that infk
qk+1
qk
≥ Q > 1 ((qk)
is lacunary). By the choice of qk, we have
‖qkα‖
‖qkβ‖ ≤ 1, so for any f with fˆqk = ak and
fˆn = 0 otherwise, we get, as in (*), that g with gˆn defined by (12) is in C(T), and
(I − Tα)f = (I − Tβ)g. The condition lim sup√qk|ak| is used to obtain that (I − Tα)f
is not a double coboundary in L1, by a contradiciton to the Riemann-Lebesgue lemma,
similar to (**). If (I − Tα)f = (I − Tα)(I − Tβ)h, then (I − Tβ)h = f (since fˆ0 = 0).
Since (qk) is lacunary, by Herman [29] h ∈ L2, contradicting the fact that (I − Tα)f is
not an L1 double cobundary. 
5. Coboundary sums and uniform ergodicity of commuting contractions
Let θ and τ be commuting ergodic measure preserving transformations of the probabilty
space (Ω,B,P), and let f ∈ L2(P) with
∫
Ω
f dP = 0. The central limit theorem (CLT)
problem is to find conditions for the convergence in distribution of 1
n
∑n−1
k=0
∑n−1
j=0 f(θ
kτ jω).
The Koopman operators Tg = g ◦ θ and Sg = g ◦ τ commute, so the CLT problem is
the convergence in distribution of 1
n
∑n−1
k=0
∑n−1
j=0 T
kSjf . When this latter expression con-
verges in L2-norm to zero, we have a degenerate CLT (a zero asymptotic variance). This
motivates the results of this section.
Proposition 5.1. Let T and S be commuting mean ergodic contractions on a Banach
space X with F (T ) = F (S), and let z := (I−T )x+(I−S)y. Then ‖ 1
n
∑n−1
k=0
∑n−1
j=0 T
kSjz‖
converges to zero.
Proof. It is enough to prove when z = (I−T )x. Let ES := limn 1n
∑n−1
j=0 S
j (in the strong
operator topology). Since ESx is S-invariant it is also T -invariant, and we may replace
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x by x− ESx, so we assume ESx = 0. Then∥∥∥ 1
n
n−1∑
k=0
n−1∑
j=0
T kSjz
∥∥∥ = ∥∥∥ 1
n
n−1∑
j=0
Sj(I − T n)x
∥∥∥ ≤ ∥∥∥ 1
n
n−1∑
j=0
Sjx
∥∥∥+ ∥∥∥T n(1
n
n−1∑
j=0
Sjx
)∥∥∥ ≤
2
∥∥∥ 1
n
n−1∑
j=0
Sjx
∥∥∥→ ‖ESx‖ = 0.

Remarks. 1. If F (S) 6= F (T ), then for x = Sx 6= Tx, the proposition fails when
T nx 6→ x. For example, on X reflexive take S = I and T such T n → 0 in the weak
operator topology.
2. z = (I − T )x + (I − S)y is a joint coboundary if and only if both (I − T )x and
(I − S)y are.
3. If T and S are induced by commuting invertible ergodic probability preserving
transformations and S 6= T k for any k ∈ Z, then [36] there exists y such that (I − S)y 6∈
(I − T )X , so for any x, z = (I − T )x+ (I − S)y is not a coboundary of T , so z is not a
joint coboundary.
4. A special case of the result of Lind [39] is that if T and S are induced by commuting
invertible probability preserving transformations such that TmSn 6= I when m 6= n, then
for every measurable h there exist measurable f and g such that h = (I−T )f +(I−S)g.
Proposition 5.1 requires f and g to be in the same Banach space as h (e.g Lp).
5. The proof of Proposition 5.1 can be easily modified to show that for any sector
S := {(m,n) ∈ N2 : 0 < α ≤ m
n
≤ β <∞} we have
lim
n∧m→∞, (m,n)∈S
∥∥∥ 1√
mn
m−1∑
k=0
n−1∑
j=0
T kSjz
∥∥∥ = 0.
The following proposition is well-known, and its proof is similar to the proof for a single
operator; the Hahn-Banach theorem is used to show the ”only if” in (i).
Proposition 5.2. let T and S be commuting power-bounded operators on a Banach space
X. Then:
(i)
∥∥ 1
n2
n−1∑
k=0
n−1∑
j=0
T kSjz
∥∥→ 0 if and only if z ∈ (I − T )X + (I − S)X.
(ii)
1
n2
n−1∑
k=0
n−1∑
j=0
T kSj converges stronlgy if and only if
X = [F (T ) ∩ F (S)]⊕ (I − T )X + (I − S)X.
Theorem 5.3. Let T and S be commuting mean ergodic contractions on a Banach space
X. Then the following are equivalent:
(i) (I − T )X + (I − S)X is closed in X.
(ii)
1
n2
n−1∑
k=0
n−1∑
j=0
T kSj converges in operator-norm, as n→∞.
JOINT AND DOUBLE COBOUNDARIES OF COMMUTING CONTRACTIONS 23
(iii)
1
nm
n−1∑
k=0
m−1∑
j=1
T kSj converges in operator-norm as min(n,m)→∞.
Proof. Assume (i), and put Y := (I − T )X + (I − S)X . By (i) Y = (I−T )X+(I−S)X .
Fix 1 < α < 2. For z = (I − T )x we have∥∥∥ 1
nα
n−1∑
k=0
n−1∑
j=0
T kSjz
∥∥∥ = ∥∥∥ 1
nα
n−1∑
j=0
Sj(I − T n)x
∥∥∥ ≤ ∥∥∥ 1
n
n−1∑
j=0
Sj
∥∥∥ · ∥∥∥(I − T n)x
nα−1
∥∥∥→ 0.
A similar computation for z = (I − S)y shows that for z ∈ (I − T )X + (I − S)X = Y
we have 1
nα
∑n−1
k=0
∑n−1
j=0 T
kSjz → 0. Hence supn
∥∥ 1
nα
∑n−1
k=0
∑n−1
j=0 T
kSj
∥∥
Y
< ∞ by the
Banach-Steinhaus theroem, which yields
∥∥ 1
n2
∑n−1
k=0
∑n−1
j=0 T
kSj
∥∥
Y
→ 0. Since T and
S are mean ergodic, by Proposition 5.2(ii) (see also [13, Lemma 2.2]) we have X =
[F (T ) ∩ F (S)] ⊕ Y . Let E be the corresponding projection on F (T ) ∩ F (S); then∥∥ 1
n2
∑n−1
k=0
∑n−1
j=0 T
kSj − E∥∥→ 0.
By Theorem 6.2, (iii) and (ii) are equivalent, and each implies (i). 
Remark. Unlike Theorem 6.2, we do not need to assume in (i) that (I − T ∗)X∗ +
(I − S∗)X∗ is closed in order to obtain (ii), because we have assumed that T and S are
mean ergodic.
Theorem 5.4. Let T and S be commuting mean ergodic contractions on a Banach space
X with F (T ) = F (S). Then the following are equivalent:
(i) (I − T )X + (I − S)X is closed.
(ii) For every z ∈ (I − T )(I − S)X we have
(16)
∥∥∥ 1
n
n−1∑
k=0
n−1∑
j=0
T kSjz
∥∥∥→ 0.
(iii)
1
n2
n∑
k=1
n∑
j=1
T kSj converges in operator-norm.
(iv)
1
nm
n−1∑
k=0
m−1∑
j=1
T kSj converges in operator-norm as min(n,m)→∞.
When (I − T )X + (I −S)X is closed, it equals (I − T )(I − S)X, and the limit in (iii)
is the projection E on F (T ) with ker(E) = (I − T )X.
Proof. by [13, Remark 2.5], the assumption F (T ) = F (S) implies
(17) (I − T )X = (I − S)X = (I − T )(I − S)X.
Assume (i). By (17) (I − T )X + (I − S)X = (I − T )X = (I − T )(I − S)X , so when
(I−T )X+(I−S)X is closed Proposition 5.1 yields (16) for every z ∈ (I − T )(I − S)X .
Assume (ii). Put Y = (I − T )X, and assume that (16) holds for every z ∈ Y . By (17),
Y is T and S invariant, so we restrict ourselves to Y . Since supn ‖ 1n
∑n−1
k=0
∑n−1
j=0 T
kSjz‖ <
∞ for every z ∈ Y , by the Banach-Steinhaus theorem supn ‖ 1n
∑n−1
k=0
∑n−1
j=0 T
kSj‖Y <∞.
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Hence ‖ 1
n2
∑n−1
k=0
∑n−1
j=0 T
kSj‖Y → 0. let E be the ergodic projection of T on Y ; then (iii)
holds with E the limit.
By Theorem 5.3, (i), (iii) and (iv) are equivalent. 
Remark. If in the theorem T is uniformly ergodic, then (I−T )X+(I−S)X is closed,
since (I − T )X is closed, and
(I − T )X ⊂ (I − T )X + (I − S)X ⊂ (I − T )X = (I − T )X.
Examples. 1. Let ν be an absolutely continuous probability on T. By [10, Theorem
3] (see also [5, Corollary 4.2]), ‖νn − λ‖ → 0 (in total variation norm), where λ is the
normalized Lebesgue measure on T. Let X = L2(T) and define Tf = ν ∗ f . Then
‖T n − E‖2 → 0 (where Ef =
∫
f dλ), so T is uniformly ergodic. Let S be induced
on L2(T) by a rotation by θ irrational. Then F (T ) = F (S) and (I − T )X + (I − S)X
is closed. Since σ(S) = T, S is not uniformly ergodic, so by Corollary 2.6 there is
z ∈ (I − T )X + (I − S)X = (I − T )X which is not a joint coboundary. Note that by
Lemma 2.7(i), every joint coboundary is a double coboundary.
2. On [0, 1) define θt = 2t mod 1 and τt = 3t mod 1, and let T and S be the
corresponding isometries induced on L2[0, 1). Put f(t) = e
2πit. Then orthogonality of
the exponents yields∥∥∥ 1
n
n−1∑
k=0
n−1∑
j=0
T kSjf
∥∥∥2
2
=
1
n2
∥∥∥ n−1∑
k=0
n−1∑
j=0
e2πi2
k3jt
∥∥∥2
2
= 1.
Since
∫
f(t)dt = 0, by Theorem 5.4 (I − T )L2 + (I − S)L2 is not closed in L2.
Theorem 5.5. Let θ and τ be commuting ergodic measure preserving transformations of
a non-atomic probability space which generate a free N20 action. For 1 ≤ p < ∞, let U
and V be their corresponding isometries induced on Lp. Then:
(i) (I − U)Lp + (I − V )Lp is not closed (both for the real and for the complex Lp).
(ii) There exists a real function f ∈ Lp with integral zero such that
lim sup
n
‖ 1
n
n−1∑
k=0
n−1∑
j=0
UkV jf‖p > 0.
Proof. Assume that (I − U)Lp + (I − V )Lp is closed, for the real Lp. Then it is also
closed in the complex Lp, and we apply in that space Theorem 5.4, which yields that
1
n2
∑n−1
k=0
∑n−1
j=0 U
kV j converges in operator norm, with the limit E a projection onto
F := F (U) = F (V ) = {complex constants} with null space Y := (I−U)Lp+(I−V )Lp =
{f ∈ Lp :
∫
f = 0}. By Corollary 6.3, (1, 1) is not in σ(UY , VY ), where UY and VY are
the restrictions to Y . The restrictions of U and V to F (U) are both the identity, and for
any complex Banach space X we have σ(IX , IX) = {(1, 1)}. Since Lp = F (U) ⊕ Y , by
(10) we have
σ(U, V ) ⊂ σ(IF , IF ) ∪ σ(UY , VY ) = {(1, 1)} ∪ σ(UY , VY ).
Since the joint spectrum is closed, there is a neighborhood of (1, 1) which is not in
σ(UY , VY ), so (1, 1) is isolated in σ(U, V ), a contradiction to Corollary 3.5. Hence (i)
holds in the complex Lp and therefore also in the real Lp. Hence (ii) of Theorem 5.4 fails,
which yields (ii) of our theorem. 
JOINT AND DOUBLE COBOUNDARIES OF COMMUTING CONTRACTIONS 25
Remarks. 1. The research leading to Theorem 5.5 was motivated by the result of
Depauw [17, p. 168], who proved that for U and V induced on L2(T) by two irrational
rotations, there exists f ∈ L2 with integral zero which cannot be represented as f =
(I − U)g + (I − V )h with g, h ∈ L2; this is (i) of Theorem 5.5 for p = 2.
2. Theorem 5.4 yields directly the result for p = 2, without the theory of joint spectra,
when there exists 0 6= f ∈ L2 with integral zero, such that all the orbit is orthogonal, i.e.
the functions {UkV jf : k ≥ 0, j ≥ 0} are orthogonal. See the second example following
Theorem 5.4.
Derriennic and Lin [18] introduced the notion of fractional coboundaries of contrac-
tions. Let 0 < a < 1, and let (1 − t)a = 1 −∑∞j=1 ajtj . It is known that aj > 0 with∑
aj = 1 , so for any contraction T on a Banach space we can define the operator
(I − T )a = I −∑∞j=1 ajT j. The elements of (I − T )aX were called in [18] fractional
coboundaries. If T is not uniformly ergodic (i.e. (I − T )X not closed), then the spaces
(I − T )aX ⊂ (I − T )bX for 0 < b < a ≤ 1 are all different, with closure (I − T )X.
Theorem 5.6. Let T and S be commuting mean ergodic contractions on a Banach
space X with F (T ) = F (S), and let 0 ≤ a ≤ 1. If z := (I − T )a(I − S)1−ax, then
‖ 1
n
∑n−1
k=0
∑n−1
j=0 T
kSjz‖ → 0.
Proof. Proposition 5.1, which requires F (T ) = F (S), yields the extreme cases a = 0 and
a = 1, so we assume 0 < a < 1. It was proved in [18, Corollary 2.15] That if T is a mean
ergodic contraction and y ∈ (I − T )aX , then ‖(1/n1−a)∑nk=1 T ky‖ → 0. It follows that
(18) sup
n≥1
∥∥∥ 1
n1−a
n−1∑
k=0
T k(I − T )a
∥∥∥ = K <∞.
If x ∈ F (T ), then (I − T )ax = 0, so we may assume ETx = 0, i.e x ∈ (I − T )X. By (18)
and an application of [18, Corollary 2.15] to S we obtain∥∥∥ 1
n
n−1∑
k=0
n−1∑
j=0
T kSjz
∥∥∥ = ∥∥∥ 1
na
1
n1−a
n−1∑
k=0
n−1∑
j=0
T kSj(I − T )a(I − S)1−ax
∥∥∥ ≤
K
∥∥∥ 1
na
n−1∑
j=0
Sj(I − S)1−ax
∥∥∥→ 0.
Note that for 0 < a < 1, the assumption F (T ) = F (S) is not used. 
Remark. By the theorem, if z =
∑L
ℓ=1(I − T )aℓ(I − S)1−aℓxℓ, with 0 ≤ a1 < a2 <
. . . aL ≤ 1, then ‖ 1n
∑n−1
k=0
∑n−1
j=0 T
kSjz‖ → 0.
Corollary 5.7. Let θ and τ be commuting ergodic measure preserving transformations
of the probabilty space (Ω,B,P), and let f ∈ L2(P) with
∫
Ω
f dP = 0. Let T and S be the
corresponding Koopman operators. If
f =
L∑
ℓ=1
(I − T )aℓ(I − S)1−aℓgℓ,
with 0 ≤ a1 < a2 < . . . aL ≤ 1 and g1, . . . , gL ∈ L2, then ‖ 1n
∑n−1
k=0
∑n−1
j=0 f(θ
kτ jω)‖2 → 0.
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6. Appendix: The uniform ergodic theorem for commuting contractions
Mbekhta and Vasilescu [42] extended the uniform ergodic theorem of [37] to d commut-
ing operators on a complex Banach space. A special case of their result is the following.
Theorem 6.1. Let T and S be commuting power-bounded operators on a complex Banach
space X. Then the following are equivalent:
(i) (I − T )X + (I − S)X and (I − T ∗)X∗ + (I − S∗)X∗ are closed in X and X∗,
respectively.
(ii)
1
nm
n−1∑
k=0
m−1∑
j=0
T kSj converges in operator-norm, as min(n,m)→∞.
The proof in [42] uses spectral theory, so does not apply directly in real Banach spaces.
Theorem 6.2. Let T and S be commuting power-bounded operators on a real or complex
Banach space X. Then the following are equivalent:
(i) (I − T )X + (I − S)X and (I − T ∗)X∗ + (I − S∗)X∗ are closed in X and X∗,
respectively.
(ii)
1
nm
n−1∑
k=0
m−1∑
j=0
T kSj converges in operator-norm, as min(n,m)→∞.
(iii)
1
n2
n−1∑
k=0
n−1∑
j=0
T kSj converges in operator-norm, as n→∞.
Proof. Obviously (ii) implies (iii). Assume (iii), and put Y := (I − T )X + (I − S)X .
Then it is easy to compute that 1
n2
∑n−1
k=0
∑n−1
j=0 T
kSjz → 0 for z ∈ Y (using power-
boundedness), and by (iii), the restrictions to Y satisfy ‖ 1
n2
∑n−1
k=0
∑n−1
j=0 T
kSj‖Y → 0.
Hence, for n large enough
An := IY − 1
n2
n−1∑
k=0
n−1∑
j=0
T kSj =
1
n2
n−1∑
k=0
n−1∑
j=0
(I − T kSj)
is invertible on Y . Since (I − T k)(I − Sj) = I − T k + I − Sj − (I − T kSj), on Y we have
An =
1
n
n−1∑
k=0
(I − T k) + 1
n
n−1∑
j=0
(I − Sj)− 1
n2
n−1∑
k=0
n−1∑
j=0
(I − T k)(I − Sj).
Fix n large. Denote by A the restriction to Y of An and B = A
−1 (defined on Y ). By
the Neumann series expansion, B is in the closed subalgebra of B(Y ) generated by the
restrictions of T and S to Y . These restrictions satisfy
IY = BA = B · 1
n
n−1∑
k=0
k−1∑
ℓ=0
T ℓ
[
IY − 1
n
n−1∑
j=0
(IY − Sj)
]
(IY − T ) +B · 1
n
n−1∑
j=0
j−1∑
ℓ=0
Sℓ(IY − S).
Thus we have operators C and D in B(Y ), commuting with the restrictions TY and SY ,
such that IY = (I − TY )C + (I − SY )D. Hence
Y = (I − TY )Y + (I − SY )Y ⊂ (I − T )X + (I − S)X ⊂ Y,
JOINT AND DOUBLE COBOUNDARIES OF COMMUTING CONTRACTIONS 27
so (i) holds. Note that this proof is valid for X real or complex, and unlike [42], spectral
theory is not used.
When X is complex, (i) implies (ii) by [42]. To prove that (i) implies (ii) when X
is real we will use the complexification of X , described below, and deduce the result
from the complex case. We define XC = X ⊕X , with the identification (x, y) = x + iy
which allows the definition of the multiplication by complex scalars. On XC we define
the Taylor norm (see [44, Proposition 3])
‖(x, y)‖T := sup
0≤t≤2π
‖x cos t− y sin t‖ = sup
φ∈X∗,‖φ‖≤1
√
φ(x)2 + φ(y)2.
In the sequel we write ‖(x, y)‖ for ‖(x, y)‖T . Note that ‖(x, 0)‖ = ‖x‖ and ‖(x,−y)‖ =
‖(x, y)‖. Clearly
max{‖x‖, ‖y‖} ≤ ‖(x, y)‖ ≤
√
‖x‖2 + ‖y‖2 ≤ ‖x‖+ ‖y‖,
which shows that {(xk, yk)} converges if and only if both {xk} and {yk} converge. Given
an operator T on X , we extend it to XC by TC(x, y) = (Tx, Ty). By [44, Proposition 4]
‖(TC)n‖ = ‖(T n)C‖ = ‖T n‖, so TC is power-bounded when T is.
Assume now that T and S on X satisfy (i). If (I − TC)(xk, yk) + (I − SC)(uk, vk)
converges in XC to (z, w), computations by the definitions yield that (z, w) ∈ (I −
TC)XC + (I − SC)XC , so (I − TC)XC + (I − SC)XC is closed.
By [44, Proposition 7], (XC)
∗ yields a reasonable complexification of X∗, which by [44,
Proposition 3] is equivalent to the Taylor complexification of X∗. It is therefore easy to
check that (TC)
∗ = (T ∗)C , and the condition (I − T ∗)X∗ + (I − S∗)X∗ closed implies
that (I − TC ∗)X∗ + (I − SC ∗)X∗ is closed. Hence TC and SC on XC satisfy (i), so by
Theorem 6.1 1
mn
∑n−1
k=0
∑m−1
j=0 T
k
CS
j
C converges in operator norm on XC , which implies (ii)
of our theorem. 
The above proof of (iii) implies (i) yields the following corollary.
Corollary 6.3. Let T and S be commuting power-bounded operators on a complex
Banach space X. If
1
n2
n−1∑
k=0
n−1∑
j=0
T kSj converges in operator-norm, as n → ∞, then
Y := (I − T )X + (I − S)X is closed, and for any subalgebra A ⊂ B(Y ) containing the
restrictions TY and SY , the point (1, 1) is not in the Harte joint spectrum σA(TY , SY ).
Remark. The result of Corollary 6.3 for the Taylor spectrum was deduced in [42,
Lemma 4] from the spectral mapping theorem [56]; the same proof could apply also for
the Harte spectrum (in Y ), by [26, Theorem 4.3]. Our proof for the Harte spectrum is
simpler, since it uses only its definition [26].
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